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Abstract
Topological phase transitions in condensed matters accompany emerging singular-
ities of the electronic wave function, often manifested by gap-closing points in the
momentum space. In conventional topological insulators in three dimensions (3D),
the low energy theory near the gap-closing point can be described by relativistic
Dirac fermions coupled to the long range Coulomb interaction, hence the quantum
critical point of topological phase transitions provides a promising platform to test
the novel predictions of quantum electrodynamics. Here we show that a new class
of quantum critical phenomena emanates in topological materials breaking either the
inversion symmetry or the time-reversal symmetry. At the quantum critical point,
the theory is described by the emerging low energy fermions, dubbed the anisotropic
Weyl fermions, which show both the relativistic and Newtonian dynamics simultane-
ously. The interplay between the anisotropic dispersion and the Coulomb interaction
brings about a new screening phenomena distinct from the conventional Thomas-
Fermi screening in metals and logarithmic screening in Dirac fermions.
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Fathoming quantum phases and the associated phase transitions is one of the most sig-
nificant problems in modern condensed matter physics. Through the natural extension of
classical order parameters, the conventional symmetry breaking paradigm has been suc-
cessfully applied to quantum systems and has deepened our understanding, especially of
magnetism and superconductivity.1–3 On the other hand, the recent theoretical advances
in the study of topological orders have provided solid theoretical grounds to predict exotic
topological phases. Due to the lack of the classical counterparts, the description of these
exotic topological phases and the phase transitions between them is far beyond the realm of
the conventional paradigm.4 For instance, through the recent active studies of the systems
with strong spin-orbit coupling, a new topological semi-metal (SM), dubbed the Weyl SM,
is proposed in systems such as A2Ir2O7
5–7 or topological insulator multilayers.8 In Weyl SM,
composed of several gapless points (Weyl points) on the Fermi energy EF , the bulk energy
spectrum shows the 3D linear dispersion relation around each Weyl point (WP). Contrary
to the conventional phases distinguished by order parameters, the Weyl SM is character-
ized by the topological number, so-called the chirality of WP whose nontrivial topological
nature gives rise to the “Fermi arc” surface states. Since the chirality of each WP guaran-
tees its stability, the topological phase transition from the Weyl SM must accompany the
pair-annihilation of WPs.7 In this way, the nature of the Weyl SM and its topological phase
transition can be clearly described as long as the interaction between electrons is neglected.
However, the complete understanding of topological phases and related phase transitions
in interacting Weyl SM requires the careful consideration of electron correlation effects.
For instance, because of the relativistic nature of the electronic dispersion in Weyl SM,
the fermionic excitations coupled to the long range Coulomb interaction induce logarithmic
corrections to all physical quantities.9–12 Moreover, in the presence of the cubic and time
reversal symmetries, the interplay between the fermions and the long range Coulomb inter-
action induces the non-Fermi liquid phase after the pair-annihilation of WPs.13–15 In fact, in
generic systems without high symmetries, the pair-annihilation of WPs generates insulating
phases as shown in Fig. 1. Since the critical point is connected to the insulating phase, the
effective theory of the quantum phase transition should respect the zero-chirality condition.
Thus, the minimal model for the phase transition is the 3D anisotropic Weyl fermion (AWF)
whose dispersion is quadratic along one direction but linear along the other two orthogonal
directions. It is worth to note that AWF can emerge ubiquitously in materials breaking ei-
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ther the time-reversal symmetry or the inversion symmetry, and mediate various topological
phase transitions.16–18 For instance, the recent theoretical16,19 and experimental20 studies on
BiTeI have shown that the same critical theory describes the direct topological phase tran-
sition between the trivial and topological insulators. Therefore for the universal description
of topological quantum phase transitions in generic topological materials, it is crucial to
unveil the intriguing quantum criticality of the 3D AWF coupled to the long range Coulomb
interaction, which is the main subject in this study.
The main finding of this work is as follows. Most importantly, we find that the anisotropic
dispersion of AWF induces exotic screening effects. Namely, significant screening appears
along the direction with linear dispersion of electrons in the sense that the momentum depen-
dence of the Coulomb potential is strongly modified from the bare value along that direction.
On the other hand, along the direction with quadratic dispersion of electrons, the Coulomb
potential is just weakly modified. We call this the anisotropic partial screening phenomenon.
Strikingly, such a nontrivial screening effect makes the Coulomb interaction irrelevant in the
low energy limit. Thus, the critical theory becomes a non-interacting fermion theory even-
tually, which allows the complete theoretical understanding of the problem. This behavior is
in sharp contrast to the cases of other SMs such as graphene and conventional Weyl SM with
isotropic dispersion where the Coulomb potential remains marginal in the infrared limit ren-
dering various physical quantities to receive logarithmic temperature dependence.9–12,23 The
nontrivial screening effect of interacting AWF can give rise to intriguing dielectric responses
of the system, which will be discussed below.
Model
We begin with the description of the noninteracting AWF. The effective Hamiltonian
density has a simple form given by,
H0 = −iυ∂1τ1 − iυ∂2τ2 −A∂23τ3, (1)
where υ is the velocity for the electron motion in (k1, k2) plane and A is the inverse of the
effective mass along the k3 direction. The Pauli matrices (τ1,2,3) are used to indicate the
conduction and valence bands. Since the system lacks either the inversion symmetry or time
reversal symmetry, the gap-closing point is associated with only two bands in general.16–18
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The topological phase transition from a Weyl SM to an insulator can be described by adding
the perturbation term mτ3. Depending on the relative sign between A and m, the ground
state becomes either an insulator (Am > 0) or a Weyl SM (Am < 0) with a pair of WPs
having opposite chiralities.17,18 At the quantum critical point (m = 0), the two WPs pair-
annihilate at a certain momentum point at which the net chirality should obviously be zero.
Such a zero chirality condition forces the electron dispersion to be nonlinear at least along
one direction, which leads to the minimal Hamiltonian for the AWF as shown in (1). In
general, the quadratic dispersion occurs along the direction in which a pair of WPs migrate
before they are pair-annihilated.17,18 We provide a simple lattice model which captures all
essential characteristics of the topological phase transition between the Weyl SM and an
insulator in Supplementary Note 1.
To describe the dynamics of AWF coupled to the long range Coulomb interaction, we use
the Euclidean path integral formalism and write the effective action as follows.
S =
∫
d4x
[
ψ¯{γ0(∂0 + igϕ) + υ(γ1∂1 + γ2∂2)−A∂23}ψ +
1
2
√
η
{(∂1ϕ)2 + (∂2ϕ)2}+
√
η
2
(∂3ϕ)
2
]
.
As usual, the momentum cutoff (Λ) is implicitly assumed. The matrices γ0,1,2 , satisfying
{γi, γj} = δij , are defined as γ0 = τ3,γ1 = τ2,γ2 = −τ1. ψ (ϕ) represents an electron (boson)
field operator and ψ¯ = ψ†γ0. The Hubbard-Stratonovich transformation introduces the
bosonic field ϕ for the instantaneous Coulomb interaction. The dimensionless parameter η is
used to capture the possible anisotropy of the Coulomb potential induced by the anisotropic
fermion dispersion. The electrons are coupled to the boson via the coupling constant g2 =
e2/ε where e is the electric charge and ε is the dielectric constant.
Considering the anisotropic dispersion of electrons, the coupling constants in the action
naturally lead to three characteristic energy scales, Ekin = A
−1v2, Ec = A−1vg2, and EΛ =
Λv which describe the electron kinetic energy (Ekin) and Coulomb potential (Ec) and the
cutoff energy (EΛ) related with the linear dispersion of electrons, respectively. The associated
dimensionless coupling constants are
α =
Ec
Ekin
, β =
√
η
12π2
Ec
EΛ
, γ =
α
3π2
√
η
EΛ
Ekin
. (2)
Although only two of them are independent (γ ∼ α2/β), for notational convenience, we use
the three coupling constants to perform the renormalization group (RG) analysis.
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The anisotropic fermion dispersion gives rise to unusual scaling properties of the system.
Let us first consider the noninteracting fermions with the following scale transformation
t˜ = b−zt, x˜1,2 = b−z1x1,2, x˜3 = b−1x3, (3)
where the rescaled variable is indicated by a tilde. Namely, the scaling dimension of t,
x1,2, and x3 are given by [t] = −z, [x1,2] = −z1, [x3] = −1. It is worth to note that
since the dispersion of the fermion is anisotropic while that of the boson is isotropic, the
scale invariance of the whole system requires to introduce the general scaling dimension z1.
However, our RG results (below) are independent of z1 as it should be. The invariance of
the fermionic part of the action under the scale transformation in (3) leads to the following
scaling relations at the tree level, [ψ] = z1+1/2, [v] = z− z1, [A] = z− 2, [g2] = z− z1, [η] =
2z1 − 2, [ϕ] = (z + z1)/2. If we assume that υ is marginal while A is either marginal or
irrelevant, we obtain z = z1 ≤ 2, and [g2] = 0. On the other hand, if A is marginal while
υ is either marginal or irrelevant, z = 2, z1 ≥ 2, and [g2] ≤ 0. Therefore the Coulomb
interaction is marginal for 0 < z1 ≤ 2 while it is irrelevant otherwise, hence we focus on the
case of 0 < z1 ≤ 2 in the following.
Renormalization group analysis.- We perform a momentum shell RG analysis of S at
one-loop level. Because of the anisotropic dispersion, it is natural to consider two different
momentum cutoffs, i.e., Λ⊥ for the dispersion in the plane of (k1, k2) and Λ3 for the k3
dispersion. For convenience, we set Λ⊥ = ∞ and perform the momentum-shell integration
in the following way,
∫ ′ d3q
(2π)3
= 1
2π2
∫ Λ
µ
dq3
∫∞
0
q⊥dq⊥ where Λ = Λ3 and µ = Λe−ℓ. In
principle, three Feynmann diagrams need to be considered for the RG calculation at one-
loop order, i.e., the fermion self-energy, the boson self-energy and the vertex correction.
Since the fermion self-energy is frequency independent for the instantaneous bare Coulomb
interaction, the vertex correction vanishes, consistent with the Ward identity in one-loop
calculation. Therefore, the two Feynman diagrams shown in Fig. 2a determine the RG flow.
The RG flows of the three coupling constants α, β, γ describe quantum corrections from
the interaction. Instead of showing the details, we only present the beta functions leaving
technical calculations to the Supplementary Note 2.
dα
dℓ
= α
[
− 1
16π
α− 1
2
β − 1
2
γ
]
,
dβ
dℓ
= β
[
1− 1
8π
α− β
]
,
dγ
dℓ
= γ
[
− 1− γ
]
. (4)
Note that z and z1 are absent in (4) as expected. The RG flow is illustrated in Fig. 2b
which shows two fixed points at (α, β) = (0,0) and (α, β) = (0,1), respectively. At both
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fixed points, γ = 0. The flow emerges from the former (unstable) fixed point and terminates
at the latter (stable) one. Interestingly, the fine-structure constant (α) is zero at both fixed
points. The linear α dependence of the electron self-energy,
Σf ∼ [v(k1τ1 + k2τ2) + 2Ak23τ3](
α
16π
ℓ) +O(ℓ2), (5)
manifestly shows that the electrons basically become free from interaction in the low energy
limit.
The distinct natures of the two fixed points are clearly revealed in the screening effect
of the Coulomb potential. The inverse of the boson propagator including the self-energy
correction (Π(q)) becomes,
q2⊥ + q
2
3 − Π(q) = q2⊥(1 + βℓ) + q23(1 + γℓ) +O(ℓ2).
Here the unimportant η dependence is neglected. At the unstable fixed point, (α, β, γ) =
(0, 0, 0), the Coulomb potential decouples from electrons. On the other hand, at the stable
fixed point, (α, β, γ) = (0, 1, 0), the Coulomb potential receives a nontrivial correction in the
q⊥ direction while there is no screening in the q3 direction. The non-trivial correction can be
understood as the strong screening effect with the anomalous dimension. Considering the
different scaling between the q⊥ and q3 directions, we obtain
q2⊥ + q
2
3 −Π(q) ∼ q2−1/z1⊥ + q23,
at the stable fixed point. Thus, the Coulomb potential receives anisotropic partial screening
through the interaction with electrons. Here z1 can be fixed from the condition that v and
A do not run at the stable fixed point. Then, the momentum anisotropy gives z = z1 = 2
at the stable fixed point. Therefore the renormalized Coulomb interaction has the following
structure VC(q) ∼ 1/(q3/2⊥ + ηq23) at the fixed point. It means that in the real space VC
depends on the spatial coordinate r = (r⊥, z) anisotropically as VC(r⊥, z = 0) ∝ r−5/4⊥ and
VC(r⊥ = 0, z) ∝ |z|−5/3.
Screening of a charged impurity
The novel quantum effect in interacting AWF can induce unusual dielectric responses
of the system. Here we consider the screening problem of a Coulomb impurity with the
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electric charge Ze (e > 0) by AWF. Because of the non-trivial quantum corrections caused
by interacting fermions, the distribution of the screening charge in interacting AWF can
be completely different from that in the non-interacting system. Let us first consider the
noninteracting AWF coupled to a single charged impurity, which can be described by the
following Hamiltonian,
H = −iυ∂xσx − iυ∂yσy −A∂2zσz −
Zg20
4πr
, (6)
where g20 is the coupling constant of the noninteracting system. In fact, because of the
anisotropic momentum dependence of the polarization function which can be summarized
as Π(q) = −B⊥q3/2⊥ − B3q23 with the positive constants B⊥ and B3, the screening charges
distribute in a highly unusual way even in the noninteracting system. According to the
linear response theory, the induced charge density is given by ρind(q) = ZeV (q)Π(q)
where V (q) = g20/q
2.21 As shown in Fig. 3, the peculiar structure of Π(q) gives rise
to strong spatial anisotropy in the distribution of the induced charges in real space,
ρind(r) ≡
∫
d3q
(2π)3
eiq·rρind(q). In particular, owing to the anisotropy of ρind(r), the par-
tially integrated charge densities Qz(z) ≡
∫
d2r⊥ρind(r) and Q⊥(r⊥) ≡
∫
dzρind(r) show
characteristic coordinate dependence such as
Q⊥(r⊥) = −Zeg
2
0B⊥
4π2
H(r⊥)
r
3/2
⊥
, Qz(z) = −Zeg20B3δ(z)
where H(r⊥) ≡ 2π
∫ xc
0
dx
√
xJ0(x) in which J0(x) indicates the Bessel function of the first
kind. Here xc is defined as xc ≡ Λ⊥r⊥ with the in-plane momentum cutoff Λ⊥. This
sharp momentum cutoff causes the oscillation of H(r⊥) with fixed amplitude. Notice that
the partially integrated charge densities distribute in a highly unusual way, i.e., Qz(z) is
strongly localized near the impurity while Q⊥(r⊥) shows slow decay with a power-law tail.
The detailed behavior of ρind(r) is shown in Supplementary Note 3.
Surprisingly, the strong Coulomb interaction between electrons completely modify the
screening charge distribution in AWF. Since all coupling constants are irrelevant at the stable
fixed point, the induced charge can be computed to the leading order by using Vrenorm(q) =
g2
q
3/2
⊥
+ηq2
3
and Π(q) = −B⊥q3/2⊥ − B3q23. Since the amount of the total induced charge is
fixed, i.e.,
∫
d2r⊥Q⊥(r⊥) =
∫
dzQz(z), B3/B⊥ is fixed to be η, which gives rise to ρind(r) =
−Zeg2B⊥δ(r). In contrast to the case of the noninteracting system, the screening charge is
strictly localized near the impurity site. Similar localized distribution of the induced charge
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is predicted in graphene.22 In graphene, it is shown that the Coulomb interaction can induce
small spreading of the screening charge in subleading order. However, in our case such an
additional spreading of the screening charge can only play a minor role since the Coulomb
interaction is irrelevant at the fixed point while it is marginal in graphene.23,24
Discussion
Up to now we have considered the system having a single AWF. However, in real materials,
several AWFs can simultaneously appear at the Fermi level due to the time-reversal or
crystalline symmetries. In this case, to describe the renormalized Coulomb interaction, it is
necessary to add the contribution from all AWFs to the polarization. In other words, the
polarization function should be given by Πtotal =
∑
iΠi where Πi indicates the polarization
due to the ith AWF. Here it is assumed that the polarization induced by the coupling
between neighboring AWFs can be neglected, which is valid if the distance between AWFs
is far enough. The important point is that the direction along which the AWF shows the
quadratic dispersion can vary for different AWFs in general. Therefore in the system with
multiple AWFs, the total polarization should behave as
∑
iΠi(q) ∝ q3/2 on average with
q = |q|. In this case, the renormalized Coulomb interaction should have the following form
of VC(q) ∝ 1/q3/2. Equivalently, it means that the long range Coulomb interaction shows
the unusual power law given by VC(r) ∝ 1/|r|3/2 in real space due to the screening effect.
If we introduce a charged impurity to this system, the induced charge spreads in a way of
ρ(r ≫ 1) ∝ 1/r2 when the electron-electron interaction is neglected. On the other hand, once
the electron-electron interaction is considered, the induced charge is again strictly localized
near the impurity site, i.e., ρ(r) = Z ′eδ(r) with a constant Z ′.
The results from our perturbative RG approach are further supported by the random
phase approximation (RPA) approach. As shown in the Supplementary Note 4, we find that
along the direction with linear (quadratic) dispersion, the momentum dependence of the
polarization shows Π(q⊥, 0) ∝ q3/2⊥ (Π(0, q3) ∝ q23). Note that the RPA and the one-loop RG
calculations match perfectly, thus we believe that the results of the one-loop RG calculation
is robust. Besides the fact that two different methods give the same momentum dependence
of Π(q), we further consider the corrections to the RPA results by performing the strong
coupling expansion. As shown in Supplementary Note 5, it is explicitly proved that the
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quantum fluctuations near the stable fixed point do not cause any divergent corrections
confirming the robustness of the conclusions obtained from the RG analysis.
To conclude, we have rigorously demonstrated the novel quantum critical phenomena
of the AWF. We emphasize that the anisotropic partial screening is clearly distinct from
the conventional screening phenomena in usual metallic or semi-metallic systems, which is
concisely summarized in Table 1. For example, the Thomas Fermi screening in conventional
metals forces the renormalized Coulomb interaction to be short-ranged and the fermionic
excitations coupled by the short range repulsive interaction gives rise to the Fermi liquid
state.25 On the other hand, in the AWF, the interplay between the Coulomb interaction and
fermions induces the anisotropic partial screening, which allows the screened Coulomb in-
teraction to maintain the long-ranged nature and the fermions to be free from the Coulomb
interaction in the low energy limit. Therefore the anisotropic partial screening can be con-
sidered as the intermediate screening phenomena distinguished from both the Thomas-Fermi
screening in metals and the logarithmic screening in Dirac fermions, which is uncovered for
the first time in this study.
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VFP(q) αFP Fermionic Excitations
Metal 1
q2+q2
TF
Marginal Fermi Liquid
Anisotropic Weyl fermion (AWF) 1
q
3/2
⊥
+q2
3
Irrelevant Fermi Liquid
Weyl SM 1q2 Marginally Irrelevant (Marginal) Fermi Liquid
Table 1: Physical properties of interacting metallic or semi-metallic systems in
3D coupled with the instantaneous Coulomb interaction. Here “Metal” indicates the
conventional metal with Fermi surface and “Weyl SM” means the 3D semi-metal with linear
dispersion in all spatial directions. VFP(q) (αFP) indicates the screened Coulomb potential
(renormalized coupling constant) at the stable fixed point. As for the q dependence of
VFP(q), q
2 = q21 + q
2
2 + q
2
3 = q
2
⊥ + q
2
3 and 1/qTF indicates the Thomas Fermi screening
length. When the electron dispersion is quadratic in all directions, it is shown that the
screened Coulomb potential becomes V (q) ∼ 1/q and a non-Fermi liquid ground state can
be realized. (Ref. [15])
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Insulator Weyl SM
m
T
Quantum 
Critical
FIG. 1: Generic phase diagram for topological phase transitions in 3D systems lacking
either the time-reversal symmetry or the inversion symmetry. Finite temperature phase
diagram of the 3D topological phase transition between an insulator and Weyl SM with the tuning
parameter m. The AWF emerges at the quantum critical point with m = 0. By replacing the Weyl
SM with a topological insulator, the same phase diagram can describe the direct topological phase
transition between two insulators. The finite temperature crossover is described by the dotted
lines which represent energy gap in the case of the insulator while they indicate the energy scale
relevant to the linear dispersion in Weyl SM. The three regimes show characteristic behaviors in
physical quantities. For example, the specific heat shows CI ∼ e−|m|/T in the insulator, CSM ∼ T 3
in the Weyl SM, and CQC ∼ T 5/2 in the quantum critical regime. It is shown that the long range
Coulomb interaction is non-trivial in the quantum critical regime in sharp contrast to the case of
the Weyl SM where the interaction causes only logarithmic corrections.
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FIG. 2: Feynman diagram for quantum corrections and the resulting renormalization
group flow. (a) Feynman diagrams for electron self-energy (top) and boson self-energy (bottom).
The plain (wavy) line is for electrons (bosons). (b) The RG flow of the coupling constants (α,β).
The RG flow is obtained by solving the coupled RG equations shown in the Supplementary Note
2. The stable fixed point, marked by a black filled dot, locates at (α, β) = (0, 1), and the unstable
one (the gray dot) locates at (0, 0).
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FIG. 3: Distribution of the screening charge induced by a charged impurity in the
noninteracting AWF. The distribution of the induced charge ρind(r) = ρind(r⊥, z) in real space
when the charged impurity is at the origin. Here r⊥ and z are measured in the unit of (B23/B
2
⊥)
and it is assumed that g2B6⊥/B
5
3 = 1. (a) The intensity plot of ρind in (r⊥, z) plane. Here the white
dotted line indicates the boundary on which ρind = 0. ρind > 0 (ρind < 0) in the red (blue) region
on the left-hand (right-hand) side of the dotted line. The color is darker when the magnitude
of the charge density is higher. (b) r⊥ dependence of ρind when z is fixed to 0, 0.1, 0.2, and
0.3, respectively. This behavior will be totally changed when the Coulomb interaction between
electrons is considered, where the induced charge density is strictly localized near the impurity
site.
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Supplementary Note 1
Lattice model for anisotropic Weyl fermion.
Here we provide a simple lattice model Hamiltonian describing the topological phase
transition from a Weyl SM to an insulator. (See also Ref.[26].) The AWF appears at the
quantum critical point. We consider spinless fermions on a tetragonal lattice with two orbital
degrees of freedom in the unit cell, which can be represented by
H = 2tx sin kxσx + 2ty sin kyσy + [2− cos kx − cos ky + 1
2
cos kz −m]σz , (7)
where σx,y,z are the Pauli matrices indicating two orbital degrees of freedom and tx, ty are
the hopping integrals along the x, y directions, respectively. Here we assume |m| < 3/2 for
convenience. In this system, when |m| < 1/2, the Weyl SM appears as the ground state
which has a pair of Weyl points with opposite chirality along the kz axis. The critical point
at mc1 = −1/2 (mc2 = 1/2) mediates the quantum phase transition from the Weyl SM to
a trivial band insulator (a 3D quantum Hall insulator) which exists for −3/2 < m < −1/2
(1/2 < m < 3/2). At these two quantum critical points, the bulk energy spectrum shows
the quadratic dispersion along the kz direction while it is linear along the (kx, ky) plane,
which indicates the emergence of the AWF.
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Supplementary Note 2
Renormalization Group analysis.
In this section, we provide a detailed description of the RG analysis. To perform the
one-loop renormalization group analysis, we write the Euclidean effective action describing
the low energy electrons coupled to long range Coulomb interaction in the following way,
Sbare =
∫
d4x
[
ψ¯{γ0(∂0 + igϕ) + υ(γ1∂1 + γ2∂2)− A∂23}ψ +
1
2
√
η
{(∂1ϕ)2 + (∂2ϕ)2}+
√
η
2
(∂3ϕ)
2
]
,
which is basically the same as the action in the main text of the paper. Here the in-
stantaneous Coulomb interaction term is decoupled by introducing the bosonic Hubbard-
Stratonovich field ϕ. The non-interacting electron and boson Green’s functions are given
by
G0(k0,k) =
−i[γ0k0 + υ(γ1k1 + γ2k2)] + Ak23
k20 + υ
2k2⊥ + A
2k43
,
D0(k0,k) =
√
η
k2⊥ + ηk
2
3
,
where k2⊥ = k
2
1 + k
2
2.
Boson selfenergy.- At first we compute the one-loop boson self-energy Π(k), which is
given by
Π(k) = g2
∫ ∞
−∞
dq0
2π
∫ ′ d3q
(2π)3
Tr[γ0G0(q)γ0G0(k + q)],
= −2g2
∫ ∞
−∞
dq0
2π
∫ ′ d3q
(2π)3
[q0(q0 + k0)− υ2q⊥ · (q⊥ + k⊥)− A2q23(q3 + k3)2]
[q20 + E
2
q ][(q0 + k0)
2 + E2q+k]
, (8)
where Ek =
√
υ2k2⊥ + A2k
4
3. Here
∫ ′ d3q
(2π)3
indicates the integral over the momentum shell.
To determine the renormalization of the bare boson propagator D0(k) by Π(k), we expand
Π(k) in powers of ki up to quadratic order, which leads to
Π(k) = −g
2
8
(υ2k2⊥)
∫ ′ d3q
(2π)3
[ 2
E3q
− υ
2q2⊥
E5q
]
− g2υ2(A2k23)
∫ ′ d3q
(2π)3
q23q
2
⊥
E5q
. (9)
After a straightforward calculation of the momentum-shell integral, we can obtain
Π(k) = −k2⊥ℓ
1√
η
I4 − k23ℓ
√
ηI5, (10)
in which
I4 =
1
12π2
g2
υ
(υ√η
AΛ
)
, I5 =
1
3π2
g2
υ
( AΛ
υ
√
η
)
. (11)
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Electron selfenergy.- Now let us consider the renormalization of υ and A by computing
the electron self-energy Σ(k). At one-loop order, Σ(k) can be written as
Σ(k0,k⊥, k3) = −g2
∫ ∞
−∞
dq0
2π
∫ ′
d3q
(2π)3
γ0G0(q)γ0D0(k − q)
= −g
2√η
2
∫ ′
d3q
(2π)3
[iυ(γ1q1 + γ2q2) + Aq
2
3 ]
Eq
1
[(k⊥ − q⊥)2 + η(k3 − q3)2]
,
which, for small k⊥ and k3, can be written as
Σ(k⊥, k3) = −
g2
√
η
2
iυ(γ1k1 + γ2k2)J1 − g
2
2
η3/2k23(J2 + J3).
Here J1,2,3 are as follows,
J1 ≡
∫ ′
d3q
(2π)3
1√
υ2q2⊥ + A
2q43
q2⊥
(q2⊥ + ηq
2
3)
2
=
1
4π2
∫ Λ
µ
dq3
∫ ∞
0
d(q2⊥)
1√
υ2q2⊥ + A2q
4
3
q2⊥
(q2⊥ + ηq
2
3)
2
=
ℓ
4π2υη1/2
[ AΛ
υη1/2
1
1− A¯2 + cos
−1
(
A¯
) (1− 2A¯2)
(1− A¯2)3/2
]
,
where ℓ = ln Λ
µ
is the usual RG scale parameter and A¯ ≡ AΛ
υ
√
η
. If we solve the full coupled
RG equation, it can be shown that A¯2 = A
2Λ2
υ2η
≪ 1. Therefore we can make an expansion in
powers of A¯ and the leading contribution to J1 can be written as
J1 ≈ 1
8πυ
1√
η
ln
Λ
µ
. (12)
The other integrals appearing in Σ(k) can be done in the following way,
J2 ≡
∫ ′
d3q
(2π)3
Aq23√
υ2q2⊥ + A
2q43
[
− 1
(q2⊥ + ηq
2
3)
2
]
= − Aℓ
4π2υη3/2
[ A¯
A¯2 − 1 + cos
−1
(
A¯
) 1
(1− A¯2)3/2
]
≈ − A
8πυ
1
η3/2
ln
Λ
µ
. (13)
Similarly,
J3 ≡
∫ ′
d3q
(2π)3
Aq23√
υ2q2⊥ + A
2q43
[ 4ηq23
(q2⊥ + ηq
2
3)
3
]
=
Aℓ
4π2υη3/2
[ AΛ
υη1/2
(2A¯2 − 5)
(A¯2 − 1)2 + 3 cos
−1(A¯)
1
(1− A¯2)5/2
]
≈ 3A
8πυ
1
η3/2
ln
Λ
µ
.
Then Σ(k) can be written as
Σ(k) = −iυ(γ1k1 + γ2k2)ℓI1 − Ak23ℓI3 (14)
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I1 (I3) describes the renormalization of υ (A). Explicitly, for small A¯ limit, I1,3 are given by
I1 =
1
16π
g2
υ
, I3 =
1
8π
g2
υ
. (15)
RG equations.- Including Σ(k) and Π(k), the full effective action can be written as
Srenorm = Sbare +
∫
d4xψ¯(−Σ)ψ +
∫
d4x
1
2
ϕ(−Π)ϕ
=
∫
d4x
[
ψ¯{γ0(∂0 + igϕ) + υ[1 + ℓI1](γ1∂1 + γ2∂2)−A[1 + ℓI3]∂23}ψ
+
1
2
√
η
[1 + ℓI4][(∂1ϕ)
2 + (∂2ϕ)
2] +
1
2
√
η[1 + ℓI5](∂3ϕ)
2
]
, (16)
The one loop RG equations can be obtained in the following way. At first, we rescale the
space-time coordinates,
x0 = x˜0b
z, x1 = x˜1b
z1 , x2 = x˜2b
z1 , x3 = x˜3b, (17)
where the tilde is used to indicate the scaled variable. Then we introduce renormalization
constants Zψ, Zϕ, Zg, Zυ, ZA¯, and Zη in the following way,
ψ = Z
−1/2
ψ ψ˜, ϕ = Z
−1/2
ϕ ϕ˜, g = Z
−1/2
g g˜,
υ = Z−1υ υ˜, A¯ = Z
−1
A¯
˜¯A, η = Z−1η η˜, (18)
Then we assume that the renormalized action Srenorm has the same form as the bare action
Sbare, which leads to
d ln υ
dℓ
=
1
υ
dυ
dℓ
= z − z1 + I1,
d lnA
dℓ
= z − 2 + I3,
d ln g2
dℓ
= z − z1 − 1
2
I4 − 1
2
I5,
d ln η
dℓ
= 2z1 − 2− I4 + I5.
At this point, let us explain the physical meaning of dimensionless variables α ≡ g2
υ
and
A¯ ≡ AΛ
υ
√
η
. Here α indicates the strength of the Coulomb interaction relative to the kinetic
energy originating from the linear dispersion. A¯ compares the kinetic energy from the
quadratic dispersion relative to the kinetic energy coming from the linear dispersion. In
terms of α and A¯, I1,3,4,5 can be written in the following way.
I1 =
α
8π2
[ A¯
1− A¯2 + cos
−1(A¯)
(1− 2A¯2)
(1− A¯2)3/2
]
≈ 1
16π
α,
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I3 =
α
8π2
[A¯(A¯2 − 4)
(A¯2 − 1)2 + cos
−1(A¯)
(2 + A¯2)
(1− A¯2)5/2
]
≈ 1
8π
α,
I4 =
1
12π2
g2
υ
(υ√η
AΛ
)
=
1
12π2
α
A¯
,
I5 =
1
3π2
g2
υ
( AΛ
υ
√
η
)
=
1
3π2
αA¯, (19)
In the small A¯ limit the above RG equations reduce to
d ln υ
dℓ
= z − z1 + α
16π
,
d lnA
dℓ
= z − 2 + α
8π
,
d ln g2
dℓ
= z − z1 − 1
24π2
α
A¯
− 1
6π2
αA¯,
d ln η
dℓ
= 2z1 − 2− 1
12π2
α
A¯
+
1
3π2
αA¯. (20)
Similarly, the RG equations for α and A¯ can be written as
d lnα
dℓ
= −I1 − 1
2
I4 − 1
2
I5
=
[
− 1
16π
α− 1
24π2
α
A¯
− 1
6π2
αA¯
]
,
d ln A¯
dℓ
= −1 − I1 + I3 + 1
2
I4 − 1
2
I5
= −1 +
[ 1
16π
α +
1
24π2
α
A¯
− 1
6π2
αA¯
]
. (21)
The RG equations can be neatly expressed by using α, β, γ which are defined as
α =
Ec
Ekin
, β =
√
η
12π2
Ec
EΛ
, γ =
α
3π2
√
η
EΛ
Ekin
, (22)
where Ekin = A
−1υ2 , Ec = A−1υg2 , EΛ = Λυ. Here β and γ can be rewritten in terms of α
and A¯ as follows,
β =
1
12π2
α
A¯
, γ =
1
3π2
αA¯. (23)
The RG equations for α, β, γ are shown in the main text.
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Supplementary Note 3
The distribution of the induced charge.
Here we show the detailed structure of the induced charge ρind(r) =
∫
d3q
(2π)3
eiq·rρind(q).
After a straightforward computation of the momentum integration, we can obtain the fol-
lowing result.
ρind(r) =
∫
d3q
(2π)3
eiq·rρind(q) = ρ
(I)
ind(r) + ρ
(II)
ind (r), (24)
in which
ρ
(I)
ind(r) = −
Zg2B⊥
8π3/2
|z|
r7/2
{8E(1
2
− |z|
2r
)− (4 + r|z|)K(
1
2
− |z|
2r
)},
ρ
(II)
ind (r) =
Zg2B3
4π
(2z2 − r2⊥)
r5
,
where r =
√
r2⊥ + z
2. Here K (E) indicates the complete elliptic integral of the 1st (2nd)
kind.
When r⊥ = 0, we can obtain that
ρind(r⊥ = 0, z) = −3Zg
2B⊥
16
√
π
1
|z|5/2 +
Zg2B3
2π
1
|z|3 .
On the other hand, when z = 0,
ρind(r⊥, z = 0) =
Zg2B⊥K(1/2)
8π3/2
1
r
5/2
⊥
− Zg
2B3
4π
1
r3⊥
.
Therefore we can clearly see that ρind(r⊥ → 0, z = 0) and ρind(r⊥ = 0, z → 0) have the
opposite sign, which is consistent with the charge distribution shown in Fig. 3a.
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Supplementary Note 4
Screened Coulomb interaction in RPA analysis.
To confirm the anomalous structure of the effective Coulomb interaction at the stable
fixed point, here we compute the polarization function Π(k) in the following way.
Π(k) = g2
∫ ∞
−∞
dq0
2π
∫
d3q
(2π)3
Tr[γ0G0(q)γ0G0(k + q)],
= −2g2
∫ ∞
−∞
dq0
2π
∫
d3q
(2π)3
[q0(q0 + k0)− υ2q⊥ · (q⊥ + k⊥)− A2q23(q3 + k3)2]
[q20 + E
2
q ][(q0 + k0)
2 + E2q+k]
In contrast to the case of the RG approach where the integration is performed on the
momentum shell, we perform the momentum integration over the full range of q and extract
the k dependence of Π(k).
After the integration over q0,1,2, the static polarization Π(k0 = 0, ~k) can be written as
Π(k0 = 0,
~k⊥
υ
,
k3√
A
) = − g
2
8π2υ2
√
A
∫ 1
0
dx
∫ ∞
−∞
dq3
× [2x(1− x)k
2
⊥ − q23+q23− + xq43+ + (1− x)q43−]√
x(1 − x)k2⊥ + xq43+ + (1− x)q43−
where q3± = q3 ± 12k3. To perform the integration over q0,1,2, we have used the following
formula of dimensional regularization∫
ddk
(2π)d
1
(k2 +∆)n
=
1
(4π)d/2
Γ(n− d/2)
Γ(n)
1
∆n−d/2
,
∫
ddk
(2π)d
k2
(k2 +∆)n
=
1
(4π)d/2
d
2
Γ(n− d/2− 1)
Γ(n)
1
∆n−d/2−1
,
At first, let us consider the case of ~k⊥ = 0. A straightforward calculation shows that
Π(k0 = 0, ~k⊥ = 0,
k3√
A
) = − g
2
8π2υ2
√
A
∫ ∞
−∞
dq3
2k23q
2
3
q23 +
1
4
k23
.
Since the above integration is divergent, we introduce a UV cutoff Λ3 for q3 variable. Then
the resulting expression is given by
Π(k0 = 0, ~k⊥ = 0,
k3√
A
) = − g
2
8π2υ2
√
A
[4Λ3k
2
3 − π|k3|3],
which shows that the leading k3 dependence is still given by k
2
3. Similarly, we consider the
case of k3 = 0, which is given by
Π(k0 = 0,
~k⊥
υ
, k3 = 0) = − g
2
8π2υ2
√
A
3
5
πk
3/2
⊥ = −
3g2
40π
√
υA
(
k⊥
υ
)3/2.
Therefore k
3/2
⊥ dependence of the polarization function can be obtained consistent with the
result of RG analysis.
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Supplementary Note 5
Strong Coupling analysis.
In this section, let us understand the stability of the stable fixed point with the strong
coupling analysis. The strong coupling analysis starts with the following action,
Sǫ =
∫
x,τ
ψ† (H0 + iϕ)ψ +Nf
∫
q,ω
(q2−ǫ⊥ + q
2
3)|ϕq,ω|2,
omitting unimportant dimensionful numbers. The strong coupling analysis can be verified by
the large Nf analysis introducing Nf copies of different fermions. Here instead of evaluating
the exact (Nf → ∞) result, we use the simplified RPA results which capture the correct
functional dependence. Since we are only interested in how the infra-red divergence appears,
the RPA result is enough to estimate. One parameter (ǫ) is introduced for comparison, and
the discussed anisotropic partial screening corresponds to (ǫ = 1/2).
Given the approximated action, we can evaluate 1/Nf correction. The electron self energy
with the momentum cutoff (Λ) in the quadratic direction is
Σf (k, ω) =
1
Nf
∫
d3 q
ǫa(k + q)σ
a
Ek+q
1
q2−ǫ⊥ + q
2
3
where ǫaσ
a = k1σ1+k2σ2+k
2
3σ
3 and E(k) =
√
(ǫa(k))2. It is easy to show that the correction
from the self-energy is not diverging in the infra-red cutoff,
δΣf
δǫa
∼ 1
Nf
∫ Λ
µ
dq3
q3
q
ǫ/(2−ǫ)
3 ∼ Λǫ/(2−ǫ) − µǫ/(2−ǫ),
for ǫ < 1. It is manifest that one can set µ → 0. The absence of the infra-red divergence
indicates the irrelevance of the coulomb interaction.
One can further investigate the anisotropic fermion in two spatial dimensions. Following
the same method, one can show the linear direction is renormalized significantly, so the
strong coupling action becomes
S2d =
∫
x,τ
ψ†H2ψ + iϕψ†ψ +
∫
q,ω
(
√
|q1|+ |q2|)|ϕ(q, ω)|2,
where H2(k) = k1σ1 + k22σ2. Then, the correction from the fermion self energy is
δΣf
δǫa
∼
∫
d2q
1√
q21 + q
4
2
1√|q1|+ |q2| ∼ log(
Λ
µ
)
Thus, the anisotropic screening induces the logarithmic correction similar to conventional
graphene physics.
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